Abstract. An analytic model of beam reflection at a nonlinear-linear interface is presented. An incident field approaches a nonlinear side of the interface at an angle close to a critical angle of total internal reflection. A nonlinearity of the plain Kerr focusing type is considered. A beam field at the interface is described by changes of the beam parameters during propagation and reflection, that is, by aberrationless effects of nonlinear propagation and nonspecular effects of reflection. Numerical iteration of the analytic solution indicates that, for certain sets of incident beam and interface parameters, a bistable switch of the reflected beam can be obtained. Characteristic features of this switch appear to be different from those of a plane wave reflection.
Introduction
Reflection of light at the interface between two dielectrics, at least one of which is nonlinear, has been intensively investigated for more than two decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The main interest in the light-beam reflection at the interface stems from its potential application in all-optical switching and computing. In contrast to electro-optic devices in which the external feedback is necessary for bistable operation, the switching devices based on nonlinear interfaces rely on an intrinsic nonlinear feedback mechanism. Since nonlinear interfaces are not resonant structures they offer the possibility of ultrafast switching and can operate with light sources of a broad spectrum. The beam or pulse reflection at linear interfaces has also recently attracted a great deal of attention [11] [12] [13] [14] [15] [16] and potential applications in optical imaging and beam and/or pulse shaping were indicated [17] [18] [19] .
The fundamental question of a possible bistable beam and/or pulse switch at the linear-nonlinear interface has still not received conclusive explanation [8, 9] . Recently, however, a problem of plane wave reflection at a nonlinearlinear dielectric interface was discussed [20] . It was indicated that this type of structure exhibits strong nonlinear behaviour due to cross phase modulation (XPM) between incident and reflected waves. Optical bistability was shown by numerical iterations of the analytic solution derived.
A motivation of this paper is to extend the plane wave analysis into a finite-width-beam reflection at the nonlinear-linear interface and find suitable description of a beam field near interfaces of this type. The case of a * This work was presented at the Workshop on Applications of Nonlinear Optical Phenomena and Related Industrial Perspectives, AMALFI'99 (Amalfi, 1999).
narrow beam incident a nonlinear-linear interface at an angle close to a critical angle of total internal reflection (TIR) is considered. Formulation of the problem is based on the analytic techniques previously developed by the author in treatment of the nonlinear propagation and nonspecular (nsp) reflection phenomena [21] [22] [23] . This leads to a solution which, although to some extent approximate, is of analytic form and enables direct interpretation of the results obtained. Numerical iterations of this solution aim mainly at the possibility of achieving a bistable switch of the reflected beam.
The content of the paper is organized as follows. In section 2 the reflection problem is formulated. The reduced variational technique, well known from analyses of a single-beam nonlinear propagation [24, 25] and optical soliton collisions [26] [27] [28] , is adapted to beam reflection at the nonlinear interface. The incident and reflected beam fields are modelled by the Gaussian envelopes, with beam parameters defined by aberrationless effects of nonlinear propagation [21] . In section 3 the spectral representation of the beam field at the interface, that also yields the integral equation for the beam reflection coefficient, is derived. Section 4 is devoted to the solution of this equation with an increasing level of accuracy, i.e. from the geometric optics (g-o) approximation to the exact beam-field evaluation at the interface [22, 23] . The reflected beam deformations are described by effects of nsp reflection [11, 12] and the nonlinear feedback between beam powers is simulated by the numerical monotonic interation of the solution [23] . In section 5 results of numerical simulations are discussed. The optical bistable switch in all the beam parameters is obtained and it is shown that the origin of this phenomenon is different from that of the plane wave reflection. In the appendix the definitions of the aberrationless effects of nonlinear propagation are outlined. 
Formulation of the problem
The problem of interest involves the reflection of a narrow beam of light at the boundary between the nonlinear and linear media. The nonlinear medium is of a Kerr focusing type, i.e. with the linear dependence of its refractive index n = n L + ( 1 2 )n 2 |E| 2 on the total field intensity |E| 2 , where n 2 > 0. The low-power refractive index n L and the nonlinear index of refraction n 2 are given in relation to the index of refraction of the linear medium. It is assumed that n L > 1 and that dielectric contrast of the interface is small, i.e. n L ∼ = 1. In numerical simulations the case of incidence close to the critical angle of TIR is analysed.
The basic geometry of the problem is shown in figure 1 , in which coordinate frames of the nonlinear-linear interface
) and the actual reflected beam E r (x r , y r , z r ) are sketched in the incidence plane Y = y i = y r = y g = 0. The transverse electric (TE) case is considered with the electric field perpendicular to the incidence plane. All the beams, their parameters and frames are distinguished by subscripts 'i', 'r' and 'g', respectively. The g-o reflected beam E g serves as the reference beam in analysis of the actual reflected beam-field distribution E r , that is E r is interpreted as the beam E g deformed during the nsp reflection. The four effects of these deformations: the lateral or Goos-Hänchen (GH) shift δ x , the focal shift δ z and the composite shift δ s of the g-o beam waist position and the angular shift δ θ of the g-o beam axis direction are indicated in figure 1. Note that, in general, the angles of reflection θ g and θ r = θ g + δ θ are assumed to be different from the incidence angle θ i .
The total field E near the interface is decomposed into a sum of the incident E i and reflected E r beam fields and expressed by their slowly varying beam envelopes U i and U r :
where k L is the linear (low-power) wavenumber of both beams. The evolution of the beam envelopes is governed by two nonlinear Schrödinger equations (NLSEs). These equations are coupled through the incoherent XPM interaction and the beam reflection determined by the reflection coefficient R to be found. In normalized units (cf the appendix) NLSEs are written as
the system of equations (2) can be recast as a variational problem and derived from standard Euler-Lagrange equations.
The purpose of this work is to derive an analytic solution to this problem, suitable for numerical simulations and for the description of basic characteristics of the beam reflection. It is well known that the set of NLSEs (2) is not analytically tractable. Therefore, like in the reduced variational analysis, some averaging procedure should be applied first to reduce a number of independent spatial coordinates and convert the system of partial differential equations (2) into a simpler system of ordinary differential equations (ODEs). A key point in this approach is to determine the form of the beam envelopes U a , a = i, r, adequate to the problem analysed.
To this end, let us introduce the new Lagrangian density L averaged in planes parallel to the interface (X = const)
and observe that exactly the same reduced Lagrangian L is attributed to the system of standard NLSEs with their self-phase modulation (SPM) terms |U a | 2 U a appropriately modified by the averaged XPM factors γ a :
(5b) a = i, r. Therefore, the systems (2) and (5) are equivalent on the level of the reduced variational equations, as both systems lead to the same Euler-Lagrange equations based on the same reduced Lagrangian density (4). The system (5), however, has solutions in the form of beam envelopes a specific to the standard uncoupled NSLEs, i.e. to the system (5) with the substitution γ a = 1. The reduced Lagrangians of these NLSEs
provide the variational solutions a with the beam power density averaged in space and time
and this quantity will be used below as the solution parameter.
The averaged perturbation (5b) to these solutions modifies, through the XPM factors γ a , the parameters of the beam envelopes a ; meanwhile the beam amplitudes should remain unchanged. This leads to the following form of the beam envelopes: 
a (x a , y a , z a ; p a , µ wa )
is exactly governed by the parabolic approximation to the NSLE (see the appendix and [21] ). Apart from the last nonlinear phase correction factor in equation (9), a is given by the fundamental Gaussian envelopes a with new definitions of the propagation distance z a and new beam wavenumbers k a = k L + k a . Note that the wavenumbers k a determine also the angle of reflection θ r through the Snell law
In equation (10) the parameter µ wa represents the beam waist radius µ a at the new waist position z a = 0. The relations between the beam complex width v a , the beam (real) radius w a , the beam phase-front curvature ρ a and the distance z a remain exactly the same as in the case of linear propagation:
All the beam parameters, including the waist radius µ a , are defined in a new scaled space (x a , z a ). They depend on the propagation distance z a and on the distance X between the observation point and the interface. Due to the self-similar shape of the beam envelopes, they were previously introduced as the aberrationless effects of nonlinear propagation [21] .
It is pertinent to observe that these definitions are valid for arbitrary beam power densities p a , including those far above the self-trapping level p a = 1. They are even valid at beam collapse points. This makes it possible to apply them in numerical simulations carried out in this work. Changes of the waist radius and on-axis phase of the beam propagation in the bulk nonlinear Kerr medium, for the propagation range up to one diffraction length z a = z D , including also a collapse point (µ a = 0), are shown in figure 2. Plots are given for three representative power levels: p a = 0 (linear propagation), p a = 2 (nonlinear propagation with a moderate beam power) and p a = 8 (nonlinear propagation with a high beam power). The last power level is really high. However, values of p a in figure 2 correspond to the effective parameters p a that modify only the envelope shapes of the solution (8)- (10); the beam amplitudes are proportional to a much smaller quantity p a /γ a . Moreover, the propagation ranges z a considered in this paper are short enough to obey limitations characteristic of a thin nonlinear refractor [29] . Therefore, the self-similar Gaussian shape of the reduced variational solution (8)- (10) still remains accurate in numerical simulations presented here. In spite of this, the changes of the beam parameters, even within these short propagation ranges, will appear large enough to substantially influence the beam reflection-the waist radius changes modify the beam on-axis phase, the slope of which is equal to the nonlinear increment k a of the beam wavenumbers (cf equations (A3)-(A11) in the appendix).
The definitions of the beam envelopes (8)- (10) entail also, through the beam amplitudes B a (2p a )
1/2 , the definition of the reflection coefficient R:
The coefficient R describes the beam reflection, but, unlike the case in the plane wave analysis, depends decisively on the beam representation. Moreover, in general the incidence θ i and reflection θ r angles are not equal and the ratio of the beam power densities
differs from the beam reflectivity squared |R| 2 , as can be directly derived from the reduced variational equations. Therefore, in the nonlinear medium, a normal to the interface component of the total field power flux remains constant during the beam reflection, in opposition to its tangential component. This is consistent with the beam penetration of the linear medium at the TIR incidence and results in the GH shift of the reflected beam. Outside the beam interaction region, the tangential component of the power flux also remains conserved in the TIR case, and that leads to other nsp deformations of the waist radius, waist position, propagation direction and complex amplitude of the reflected beam.
Certainly, the fundamental Gaussian beam envelope ansatz (8)- (10) does not describe all possible phenomena resulting from the nonlinear propagation of the beam, such as, for example, the beam splitting or beam shadowing [28] , but such phenomena do not seem representative in the description of basic properties of the beam reflection. Within this limitation the beam representation defined above is quite general and allows all the beam parameters-central waist position and width, spatial chirp, amplitude, phase and spatial frequency-to vary down the propagation direction z a and with the distance X from the interface. Their dependence on z a is explicitly given in the appendix; their relation to X can be obtained by substitution of the ansatz (8)- (10) in the system (5) of NSLEs.
In this paper, the beam reflection problem will be solved; that is, the reflection coefficient R and the beam-field distribution at the interface will be found. The solution to the full propagation-reflection-propagation problem, that is, to the sequence of the incident beam propagation from some input plane to the interface, the beam reflection at the interface and the reflected beam propagation to some output plane, is also possible to obtain within the presented formalism, but is outside the scope of this paper. Note that to solve this general problem the beam reflection coefficient R should be known first. Inclusion of all possible propagation phenomena in the presented solution implies a relation, through the beam power parameters p a , between the incidence angle θ i at the interface and the incidence angle θ i0 at some input plane z i = z i0 . Here θ i is included in the final solution as some constant quantity, but it can be treated as an independent parameter in a more general case as well, to account fully for the nonlinear beam propagation between the input/output planes and the interface.
In order to find R, it is sufficient to know only the beam fields and their first derivatives at the interface. Moreover, for θ i ∼ = θ r , the XPM factors are given by
for a =i, r, respectively, the beam interaction depth decays exponentially with the distance X from the interface and the first derivatives of γ a with respect to X are nil for X = 0. Therefore the reflection coefficient R depends only on γ a evaluated at the interface (X = 0):
Thus, at the interface, all the beam parameters are explicitly specified by the effective power parameter p a (8) with the XPM factors given by equation (16b), and the only parameter in the field representation (7)-(10) that remains to be found is the reflection coefficient R.
Derivation of the reflection coefficient
Let us concentrate on the field distribution in the incidence plane Y = 0 and decompose the incident and reflected beam fields into their spectral representations: 
where the carets indicate the spectral constituents of the field quantities. The shifts z a of the beam waist positions down the nonlinear propagation directions are defined by equations (A8) and (A9) in the appendix.
By definition,R differs from the standard Fresnel reflectanceR F , that relates the incident and reflected plane waves with the same amplitudeŝ
(20) meanwhile the beam reflectivityR relates the plane waves with different amplitudes determined by the spectral representations (17) . This leads to the explicit expression for
with its amplitude and phase nonlinearly modified by all the parameters of the incident and reflected beams. Note thatR F also differs from its linear counterpart owing to the nonlinear modifications of the beam wavenumbers k a .
Evaluation of the beam field at the interface
Evaluation of the integral (19) describes the reflected field distribution at the interface and yields values of the reflection coefficient R. Note that, because the incident beam distribution is known, the solution of the reflected field (19) at the interface yields not only the distribution of the total beam field above the interface but the transmitted beam-field distribution below the interface as well. In the following section subsequent approaches to evaluation of the integral (19) with increasing accuracy will be outlined.
G-o approximation to the reflected field
In the g-o approximation the spectral reflectanceR(s) is replaced by its value at the centre of the beam spectrum
and that value of R is used in evaluation of all the reflected beam parameters. This will be indicated by the substitution of the subscript r by g in all field expressions. Among other parameters the XPM factors γ a and the beam wavenumbers k a = k L + k a are found from equations (16), (A7) and (A10), respectively, and the direction angle θ g = arcsin(k −1 g k i sin θ i ) of the reflected beam axis was specified by the Snell law (11) . Therefore, the expression of the g-o reflected beam
can be derived without any integration of the representation (19) . The g-o beam serves as the reference frame in the interpretation of the deformations of the actual reflected beam [11, 12] . The g-o reflection coefficient R g follows, in spite of its modifications given by equation (21) , characteristic features of the Fresnel coefficient R F , because it depends on the g-o reflection angle θ g , instead of the actual reflection angle θ r . The amplitude and phase of the g-o beam represent, loosely speaking, predictions of the plane wave analysis adapted to the description of the beam reflection.
Parabolic approximation to the reflected field
The accuracy of the reflected beam evaluation can be much improved by using the parabolic approximation of the spectral reflectanceR(s) at the centre of the beam spectrum
The two complex beam shifts
are immediately incorporated in the paraxial description of the reflected beam (19) and describe the beam distribution quite accurately far from the singularities of the beam spectrum:
The complex shifts L and F give rise to the deformation of the g-o reflected beam [11, 12] .
Note that the aberrationless effects, defined in the appendix, that is, the waist radius modifications, the waist displacements and the self-shortening of the propagation distances, contribute to the beam deformation during reflection through the shift F ab defined in equation (21) . Due to this let us coin F ab as the aberrationless complex focal shift of the beam reflection.
Effects of nsp reflection
The reflected beam parameters, for example the actual angle θ r of the beam propagation, are still unknown because the beam shifts L and F are defined as complex quantities. Therefore, the next step of this analysis provides direct interpretation of the complex shifts in terms of the g-o beam modifications given as real quantities. According to the well known definitions of effects of the nsp reflection [11, 12] 
the g-o reflected beam is modified by the transverse δ x and focal δ z shifts of its waist centre, its waist radius expansion or reduction by the factor µ ns , and rotation of its scaled axis z g by an angular shift δ θ :
Therefore, the actual reflected beam axis direction is given by the (actual) reflection angle θ r = θ g + δ θ (31) and the total composite beam shift δ s of the beam axis is given by δ x , δ z , δ θ (cf figure 1):
Note that values of δ x , δ z , δ θ are usually large enough to make the composite shift δ s substantially different from the GH shift δ x . A factor z D /w w appears in equations (30) and (32) due to different normalization scales in the transverse and longitudinal beam axis directions. Equations (30)- (32) correspond to equations (18) and (26) in [23] written in the unnormalized spatial coordinates (x g , z g ) in the linear medium. It can be proved [12] that the geometrical beam deformations defined above should be augmented by the modification of the reflected coefficient R g
in order to obtain the reflected beam distribution
equivalent to that given by the complex shifts L and F by equation (28).
Exact evaluation of the reflected field
The beam representations (28) and (34) seem very appealing due to the straightforward interpretation of the solution derived. However, great care must be taken in using these representations in cases where the beam spectrum possesses some singularity in the vicinity of the g-o reflection angle θ g . Exactly such a case is considered in this paper. The spectral coefficientR exhibits a branch point singularity at the critical incidence θ g ∼ = θ c :
and the incident beam excites a lateral wave guided by the interface. The interaction between the lateral wave and the beam field is the main source of the reflected beam deformations. This results, however, in divergence of the expansion (25) ofR near its branch point singularity. Therefore, in numerical simulations presented in this paper, a different, exact this time, analysis is used [22] . The expansion (25) is replaced by the double and infinite Taylor expansion ofR at angles θ ± ≡ θ c ± ε placed from both sides of θ c :
where the new variable with the same branch point singularity as inR is used:
. In opposition to the representation (25) the expansion (36) provides an exact representation of the spectral reflectivityR. Moreover, after substitution of (36) into the beam representation (19) , the spectral integral can be evaluated exactly term by term [22] by using the definition of the parabolic cylinder functions [30, 31] :
Finally, the reflected field distribution can be given in terms of appropriate modification of the g-o reflected field E g :
with the expansion coefficients c (±) m and the arguments β dependent on the spatial coordinates (x g , z g ) [22] .
The representation (39) yields the exact solution to the reflection problem for the assumed form of the beam envelopes (8)- (10) . Four terms in the expansion (39) appear sufficient to evaluate the field near the branch point singularity with a high accuracy [22] . The representation (39) yields also the complex shifts L and F , as well as all the nsp effects δ x , δ z , δ θ , µ ns and R/R g , evaluated exactly this time. However, the beam representations (28) and (34) still remain valid. Details of this analysis, specified to the linear case, can be found in [22] . In the nonlinear case the linear analysis has to be augmented by monotonic iteration of the nonlinear feedback between the reflection coefficient R and the ratio of the beam power densities p r /p i , as explicitly given in equations (8), (14)- (16) . A description of such an iteration, specific to the case of the electro-optic or nonlocal linear-nonlinear interfaces, can be found in [23] . The incident and reflected field amplitude distribution at the nonlinear interface is shown in figure 3 for incidence at the critical angle of TIR and the small dielectric contrast n L = 1.0005. The reflected beam is assumed to be narrow, i.e. the ratio between the longitudinal and transverse scales z D and w w is small: z D /w w = 50. The reflected beam is represented alternatively by the g-o reflected beam according to equation (24) , the g-o beam modified by nsp effects according to equation (34), and the actual nonspecularly reflected beam described by the exact representation (39). Evidently, the g-o approximation overestimates the beam amplitude in this case and does not provide adequate description of the reflected beam. On the other hand, the parabolic approximation to the reflection coefficient (25) and the 'nonspecular' representation (34) appear quite accurate, provided that the complex shifts (26) , (27) and the effects of nsp reflection (29)- (32) are extracted from the exact field representation (39).
There are a few reasons for the apparent difference between the amplitudes of the g-o reflected beam and the actual reflected beam at the interface. For a wide spectrum of the narrow incident beam-here of the order of (z D /w w ) −1 = 0.02-a substantial part of the reflected beam spectrum is placed in the partial reflection range, i.e. below the critical angle of TIR (35), and that should lower the effective amplitude of the reflected beam. The opposite effect-the spectral shift of the beam spectrum towards larger angles of reflection, i.e. into the TIR range, results from relative changes of the critical angle θ c and the angle θ g of g-o reflection with the incident beam power. These two effects approximately compensate each other in the case shown in figure 3 . However, the other effect pertinent here is the nsp focal shift δ z of the waist plane along the g-o beam axis. This effect finally reduces the reflected beam amplitude as in figure 3 . In general, all these three effects may contribute substantially to the net change of the reflected field amplitude at the interface.
Bistability of nsp reflection
The effects of nsp reflection: the GH shift δ x , the composite shift δ s , the waist modification µ ns and the focal shift δ z , are depicted in figure 4 for consecutive increasing and decreasing of the incident beam power parameter p i . All these effects are large, much larger than their counterparts in the beam reflection at the linear interface [22] , and noticeably modify the reflected beam according to the beam representation (34). For example, the lateral composite shift δ s is of the order of the beam waist radius w w , the waist modification factor µ ns varies from 1.4 to 0.8 and the angular shift δ θ even approaches 1.5
• . Note also the large difference between the GH shift δ x and the composite shift δ s (32) at low power levels, that is, in the partial reflection state of the interface. Due to large values of the focal and angular shifts the lateral composite shift is substantial in both cases of beam reflection: partial transmission and TIR. However, the most interesting feature of the nsp effects is their apparent bistable change as indicated in figure 4 by their clear hysteresis loops. A similar effect is expected in the reflected beam amplitude and, consequently, in the reflection coefficient as well. the difference between the incidence angle θ i and the lowpower critical angle θ cL . Large differences between R and R g , represented by the nsp modification of the beam complex amplitude R/R g , indicate that the behaviour of the beam reflection clearly deviates from the plane wave predictions. Bistability loops are obtained in both reflection coefficients: R and R g . Their range and contrast (height) increase with the increase of angular detuning, at the expense of the increase of the incident beam power. Note that basic characteristics of R g follow closely those of the Fresnel coefficient R F . Some peculiarities in the bistability loops, not encountered in, for example, the bistable switching of the electro-optic or nonlocal interfaces [23] , can be observed. The shape of the g-o reflectivity R g appears irregular in case (b) and the bistability loop of the beam reflection R is shifted towards higher values than those of R g in case (a). Moreover, it is clearly seen in case (a) that the switching thresholds are displaced from the branch point singularity of R g towards lower power values. It seems that these peculiarities are caused by the displacement of the beam spectrum into the TIR range, as given by changes of the angles θ g and θ r of reflection with respect to the critical angle θ c . This conjecture is confirmed by figure 6 , where changes of the critical θ c angle, angle of g-o reflection θ g and the actual reflection angle θ r = θ g + δ θ are drawn versus the incident beam power. The actual angle θ r of reflection appears larger than its g-o counterpart θ g and remains close to θ c in the whole bistability range. Both switching thresholds (switch up and switch down) coincide with the common points of the curves θ r and θ c in both cases (a) and (b). In contrast, the g-o reflection angle θ g is smaller than θ c in the bistability range and crosses the branch point of R g (crossing point of the curves θ g and θ c ) outside this range. Moreover, it may happen that this branch point singularity does not even coincide with the higher threshold of the beam switching. This is precisely the case of figure 6(a). Note that the difference θ r − θ g is just the nsp angular shift δ θ of the g-o beam. Therefore this nsp shift displaces the spectrum of the reflected beam to higher values and determines the beam switch.
The examples discussed above indicate that the role of the nsp effects is decisive in the bistable beam reflection. Large nsp distortions of the reflected beam spectrum and shape modify the wavenumbers of both beams according to equations (A7) and (A10) and the reflection angle according to the Snell law (11) . This, in turn, modifies the beam reflection coefficient and the beam amplitude to such an extent that the bistable switch can be achieved for some values of the angular detuning. Evidently, characteristic features of this switch appear different from those predicted by the plane wave analysis.
Conclusion
The beam reflection at the nonlinear-linear interface is analysed for incidence near the critical angle of TIR. The solution obtained is derived in terms of aberrationless effects of nonlinear propagation and nsp effects of reflection.
Results of the analysis indicate that the nonlinear-linear interface exhibits bistable switching behaviour of the beam reflection/transmission. All nsp effects of reflection show similar bistable behaviour with large contrast of switching.
The nature of the bistable switch of reflection at the nonlinear-linear interface appears different from that predicted by the plane-wave analysis. For example, the shift of the bistability loop from a branch point singularity of TIR can be observed for certain sets of the beam and interface parameters. Contrary to the plane wave predictions, where the switching is exclusively related to the singularity of the Fresnel reflectivity at the critical angle of TIR, the switching of narrow beams is also determined by large nsp deformations of the reflected beam. In addition, these effects are substantially enhanced by self-focusing and by mutual interaction of the incident and reflected beams.
The presented treatment of the beam reflection problem bases on the exact evaluation of the beam field at the interface.
However, the incident and reflected beam envelopes are modelled on the grounds of the reduced variational formulation of the auxiliary nonlinear propagation problem. The accuracy of this approximation is of the same order as that encountered in the variational analysis of coupled soliton dynamics. Therefore, the solution indicates rather qualitative characteristics of reflection; in the author's opinion, however, these may be useful in possible further numerical and experimental studies on this problem. This work, to the best of the author's knowledge and together with his recent communications [32] , completes the first numerical simulation of the bistable switch of the finite-width beam at the nonlinear-linear interface.
The analysis is not restricted only to beams and to nonlinear media with the plain refractive Kerr type nonlinearity. It seems that finite-width pulse and/or beam reflection/transmission at interfaces between nonlinear media of other types of nonlinearity can be treated in a similar manner.
Appendix. Parabolic approximation to the NLSE
Let us start with the NSLE with the SPM term defined by the parabolic approximation to the beam-field intensity {i∂ z + ( where µ w is the beam radius at its waist. In equation (A1) the transverse coordinates x, y are normalized to the lowpower incident beam waist radius w w , the propagation distance z, and its low-power counterpart z, are normalized to the diffraction length z D , the wavenumber k is normalized to z × exp(iσ + ikz), (A.12) where all the beam parameters depend on the new propagation distance z.
